Abstract. Grid approximation of the Cauchy problem on the interval D = {0 ≤ x ≤ d} is first studied for a linear singularly perturbed ordinary differential equation of the first order with a perturbation parameter ε multiplying the derivative in the equation where the parameter ε takes arbitrary values in the half-open interval (0, 1]. In the Cauchy problem under consideration, for small values of the parameter ε, a boundary layer of width O(ε) appears on which the solution varies by a finite value. It is shown that, for such a Cauchy problem, the solution of the standard difference scheme on a uniform grid does not converge ε-uniformly in the maximum norm; convergence occurs only under the condition h ε, where h = d N −1 , N is the number of grid intervals, h is the grid step-size. Taking into account the behavior of the singular component in the solution, a special piecewise-uniform grid is constructed that condenses in a neighborhood of the boundary layer. It is established that the standard difference scheme on such a special grid converges ε-uniformly in the maximum norm at the rate O(N −1 lnN ). Such a scheme is called a robust one.
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For a model Cauchy problem for a singularly perturbed ordinary differential equation, standard difference schemes on a uniform grid (a classical difference scheme) and on a piecewise-uniform grid (a special difference scheme) are constructed and investigated. The results of numerical experiments are given, which are consistent with theoretical results.
Introduction
The Cauchy problem for regular equations was investigated, e.g., in well known works [3, 4, 5, 7, 9, 12] , but for singularly perturbed equations it has not been considered previously. In this paper, we consider a new class of singularly perturbed problems, namely, the Cauchy problem for a linear singularly perturbed ordinary first-order differential equation with a small parameter ε multiplying the derivative in the equation where the parameter ε takes arbitrary values in the half-open interval (0, 1]. For small values of the parameter ε, a boundary layer of width O(ε) appears on which the solution of this problem varies by a finite value. In the present paper, we study the applicability of traditional standard difference schemes for solving such Cauchy problems. It is shown that the use of standard difference schemes on uniform grids leads to large errors of the grid solutions that makes these classical difference schemes unsuitable for practical calculations. Therefore, for the class of singularly perturbed problems under consideration, it becomes necessary to use special robust difference schemes whose solutions converge independently of the perturbation parameter ε, i.e., ε-uniformly, in the maximum norm.
At present, for wide classes of singularly perturbed boundary value problems with elliptic and ordinary differential equations, and for initial boundary value problems with parabolic equations, special numerical methods based on standard difference schemes on grids condensing in boundary layers have been developed and well studied whose solutions converge ε-uniformly in the maximum norm (see, e.g., [1, 2, 6, 10, 11] and the bibliography therein). In these special numerical methods, the grid equations are solved on the simplest piecewise-uniform grids which are known in the literature on numerical methods for singularly perturbed problems for elliptic and parabolic equations as Shishkin grids; see, e.g., [8] and the bibliography therein.
In the present paper, for solving the Cauchy problem for a linear singularly perturbed ordinary differential equation, an approach similar to that used previously for singularly perturbed elliptic and parabolic equations in [1, 2, 6, 10, 11] , is developed to the construction of special difference schemes convergent ε-uniformly in the maximum norm. As a result, a priori estimates are obtained. On the basis of these estimates, a special difference scheme is constructed and ε-uniform convergence in the maximum norm of the grid solution to this scheme for the Cauchy problem under consideration is justified.
Note that many different methods for solving the Cauchy problem are known for regular ordinary differential equations, including special schemes, (see, for example, [7, 12] ). But the study of their application to singularly perturbed problems is a large independent research, since it is required to ensure their applicability, that is, to prove convergence, independent of the perturbation parameter, in the maximum norm for the grid solution.
Content of this paper is as follows. The formulation of the Cauchy problem under consideration and the aim of the research are presented in Section 2. A standard difference scheme and a special difference scheme on a piecewiseuniform grid are considered in Section 4 and 5, respectively. A priori estimates of the solution and its derivatives used in the construction of special difference schemes and the justification of their ε-uniform convergence in the maximum norm are derived in Section 3. Numerical experiments on the solution of difference schemes with uniform and piecewise-uniform grids for the model Cauchy problem are performed in Section 6.
Problem formulation. Aim of the research
On the set
we consider the Cauchy problem for a linearly singularly perturbed ordinary first-order differential equation
and besides, For small values of the parameter ε, a boundary layer appears in the solution of problem (2.2), (2.1) that is a narrow subregion of width O(ε) adjacent to the set Γ on which the solution of the problem varies by a finite value. By this reason, the standard difference scheme on a uniform grid does not converge ε-uniformly.
Our aim is for Cauchy problem (2.2), (2.1) for a linear singularly perturbed ordinary differential equation, to study applicability of standard difference schemes for solving such problems; to construct and investigate a special difference scheme convergent ε-uniformly in the maximum norm, i.e., robust difference scheme.
3 A priori estimates of the solution and its derivatives for problem (2.2), (2.1)
Here we derive a number of a priori estimates for the solution of problem (2.2), (2.1) and its derivatives that are used to construct difference schemes and justify their convergence. For Cauchy problem (2.2), (2.1) for a linear singularly perturbed ordinary differential equation, a maximum principle is valid (see, e.g., [9] for regular problems). Lemma 1. Let the data of the Cauchy problem (2.2), (2.1) satisfy the condition
Then for its solution, the following estimate is valid:
For the solution of problem (2.2), (2.1), with using the maximum principle, we obtain the estimate
where M = M (3.1) = max x∈D b −1 (x) |f (x)| + |ϕ|. Taking into account the estimate (3.1), the following "rough" estimate of derivatives is established:
The following theorem holds Theorem 1. Let the data of the Cauchy problem (2.2), (2.1) satisfy the condition a, b, f ∈ C 1 (D). Then for the solution of this problem and its derivatives, the estimates (3.1) and (3.2) are valid, respectively.
To derive more "fine" a priori estimates of the solution and derivatives, we represent the solution of the Cauchy problem (2.2), (2.1) as the following decomposition
Here U (x) and V (x) are the regular and singular components of the solution.
The regular component U (x) is a sufficiently smooth solution of an inhomogeneous differential equation; its first-order derivative is ε-uniformly bounded. The singular component V (x) which is a boundary layer function, is a solution of a homogeneous equation with a non-homogeneous initial condition; its derivatives are not ε-uniformly bounded. The function U (x), x ∈ D, is represented as the following "expansion":
where U 0 (x) and v U 0 (x) are main and "remainder" members in the "expansion" (3.4) with respect to the parameter ε. The function U 0 (x) is the solution of the degenerate problem
is the solution of the problem with a "small" right-hand side
The function V (x) is the solution of the problem
Taking into account the following estimates of components in the "expansion" (3.4):
we obtain the following estimates for the components in the decomposition (3.3): 4 Standard difference scheme for problem (2.2), (2.1) Consider a standard difference scheme for Cauchy problem (2.2), (2.1) constructed on the basis of a monotone grid approximation of a differential equation (see, e.g., [9] in the case of a regular equation).
Construction of a standard difference scheme
On the set D we introduce the grid
Here D h is an arbitrary, in general, non-uniform grid on the interval D. Set
Assume that the condition h ≤ M N −1 holds, where N + 1 is the number of nodes in the grid
We approximate problem (2.2), (2.1) by the implicit standard difference scheme:
is the first-order backward difference derivative in x. Difference scheme (4.2), (4.1) is monotone ε-uniformly (for the definition of monotonicity to difference schemes, see, e.g., in [9] ). For this scheme, the grid maximum principle is valid. Lemma 2. Let for difference scheme (4.2), (4.1), the following condition be satisfied:
Then the solution z(x) of this difference scheme satisfies the bound
On convergence of standard difference schemes on an arbitrary and uniform grids
In the case of arbitrary grid 3 D h (4.1) , using a priori estimate (3.2), we obtain the estimate
In the case of the uniform grid
we have the estimate similar to (4.3), , it is need to use grids with the number of nodes satisfying the condition N ε −1 , i.e., increasing unboundedly as ε → 0. Thus, standard difference schemes (4.2), (4.1) and (4.2), (4.4) on an arbitrary and uniform grids, respectively, do not converge ε-uniformly with increasing number of grid nodes.
Construction of a special difference scheme
On the set D we introduce a special grid
here D s h is a special piecewise-uniform grid condensing in a neighbourhood of the boundary Γ , i.e., in the boundary layer region.
When constructing the grid D 
Thus, the mesh-sizes in the grid D s h are defined as follows:
For not too small ε, namely, under the condition
the piecewise-uniform grid D s h (5.1) becomes uniform. We call the standard difference scheme (4.2) on the special piecewise-uniform grid (5.1) (the scheme (4.2), (5.1)) a special difference scheme.
On convergence of the special difference scheme
For the solution of the constructed special difference scheme (4.2), (5.1), taking into account a priori estimates (3.5), and using the grid maximum principle, we obtain the estimate
Thus, the special difference scheme (4.2), (5.1), i.e., a standard scheme on a piecewise-uniform grid of Shishkin's grid type, converges ε-uniformly in the maximum norm with first-order accuracy up to a logarithmic factor, and it is a robust scheme.
The following theorem holds 6 Numerical study of difference schemes for a model Cauchy problem
We are interested in the behavior of errors in the grid solutions of the Cauchy problem (2.2), (2.1) for a linearly singularly perturbed ordinary differential equation depending on the number of grid nodes and the parameter ε. For this, we investigate the solutions of the standard difference scheme (4.2) on the uniform grid (4.4), and also on the special piecewise-uniform grid (5.1). The solution of difference scheme (4.2) on arbitrary grid (4.1) is written out in the recurrent form:
For computations, it is convenient to represent this solution in the form, resolved with respect to z(
For the Cauchy model problem, we consider the simplest case when for differential equation (2.2) and the corresponding grid equation (4.2), as well as the calculated formula (6.1b), the following condition is satisfied:
In this case, the exact solution of the differential problem is written out in the following explicit form: u ε (x) = 1 − e − x/ε , x ∈ D. Numerical experiments are performed using techniques similar to that in [1, 2] . We investigate the behavior of quantities
depending on values of the parameter ε, ε = 2 0 ÷ 2 −14 , for N = 2 2 ÷ 2 12 . Here z ε (x) is the solution of difference scheme (4.2), (6.2) on the arbitrary grid D h (4.1) with number of intervals equal to N , and u ε (x) is the exact solution in nodes x of the corresponding grid. The quantity E(ε, N ) is the maximum pointwise error as a function of ε and N . The quantity E(N ) is the maximum value with respect to ε from E(ε, N ).
In numerical experiments, we use as an arbitrary grid either the uniform grid (4.4), or the special piecewise-uniform grid (5.1): the maximum point-wise errors E(ε, N ) and E(N ) in the solutions of the standard scheme (4.2) on the uniform grid (4.4) and on the special piecewise-uniform grid (5.1) are given in Tables 1 and 2, respectively. From the Table 1 , one can see that the error E(ε, N ) in the grid solution z(x) of the standard scheme on the uniform grid decreases with increasing N only under the condition N ε −1 , ε ∈ (0, 1], (that is, above the selected in bold diagonal). Thus, the solution z(x) of the standard difference scheme on the uniform grid converges to the exact solution u(x) only for fixed values of the parameter ε and it does not converge ε-uniformly (see E(N ) in the last row).
From the Table 2 it is seen that the error E(ε, N ) in the grid solution z(x) of the special difference scheme decreases with increasing N for each value of the parameter ε; moreover, the value of this error does not change for ε from 2 −6 to 2 −18 for each N , that is, the error is independent of the parameter ε (this error is "set"). Thus, the solution z(x) of the special difference scheme, that is, the standard scheme on the piecewise-uniform grid, converges to the exact solution u(x) ε-uniformly (see E(N ) in the last row). 
Conclusions
Grid approximation of the Cauchy problem on the interval D = {0 ≤ x ≤ d} have been considered for a linear singularly perturbed ordinary first-order differential equation.
For the Cauchy problem under study, the following results are obtained:
• A priori estimates of the solution and its regular and singular components are obtained (see the statement of Theorem 2 in Section 3).
• It is shown that the use of classical difference schemes, i.e., standard difference schemes on uniform grids leads to the errors of the grid solutions of order O(1) (see the statement of Theorem 3 in Section 4).
• Taking into account the behaviour of the singular component in the solution, a special piecewise-uniform grid of Shishkin's grid type is constructed that condenses in a neighbourhood of the boundary layer.
• Using the a priori estimates, it is proved that the special difference scheme on the piecewise-uniform Shishkin's grid, converges ε-uniformly in the maximum norm at the rate O (N −1 ln N ) (see the statement of Theorem 4 in Section 5), i.e., it is a robust grid, while the classical difference scheme does not converge ε-uniformly and it converges only for fixed values of the parameter ε.
• Numerical study of standard difference schemes on uniform and piecewiseuniform grids is performed for a model Cauchy problem. The results of numerical experiments are in agreement with the theoretical ones.
